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It has been shown that the mechanism of formation of glue-bags in the strong coupling limit of 
Yang-Mills theory can be understood in terms of the dynamics of a higher-rank abelian gauge field, 
namely, the 3-form dual to the Chern-Simons topological current. 

Building on this result, we show that the field theoretical interpretation of the Chern-Simons 
term, as opposed to its topological interpretation, also leads to the analytic form of the confinement 
potential that arises in the large distance limit of QCD. In fact, for a (3 -I- l)-dimensionaf general¬ 
ization of the Schwinger model, we explicitly compute the interaction energy. This generalization is 
due to the presence of the topological gauge field A^„p. Our results show that the static potential 
profile contains a linear term leading to the confinement of static probe charges. 

Once the quantum effects of the axial vector anomaly in QCD are taken into account, the new 
gauge field and its matter-current counterpart provide an exact replica of the Schwinger mechanism 
of “charge-screening” that operates in QED 2 . 

PACS numbers: 14.70.-e, 12.60.Cn, 13.40.Gp 


I. INTRODUCTION AND SYNOPSIS 

An analytical proof of color confinement in QCD still eludes us in spite of many ingenious model calculations and 
definite hints from computer simulations based on lattice gauge-theory. Computer simulations also provide some 
evidence for the existence of glueballs as bound states of pure glue that cannot be accounted for by conventional 
perturbative techniques. 

The root of the problem is well known: while asymptotic freedom is a well established property of the perturbative 
dynamics of QCD, the transition to infrared slavery is problematic because of non-perturbative effects that dominate 
in the large distance limit of the theory. Once this ” large distance limit” is defined in terms of some phenomenological 
scale of distance, the immediate problem is that of identifying the dynamical variables that operate in that limit. A 
hint about the nature of those hidden dynamical variables comes from the phenomenological bag models of hadrons 
[l[: the partial success of those models indicate that, in the large distance limit of QCD, the spatial extension of 
hadrons and the bag degrees of freedom must somehow be included among those new dynamical variables. On the 
other hand, in order to speak meaningfully of a ’’QCII-solution” of the confinement problem, one would expect that 
such variables should arise from the very dynamics of QCD and control the mechanisms of color confinement and 
hadronization through charge screening. 

A significant step that meets the above expectation was taken by Gabadadze several years ago 0 building on the 
early suggestion that there is a hidden long range force Q in the topological sector of YM-theory defined by the so 
called 9-term ii- The prevalent “instanton interpretation” of that term @ has prevented an earlier and wider 
recognition of that long range force and its relevance not only for the formation of glueball states but also for the 
fundamental problem of confinement and screening of color charges. 

The focus on instanton solutions in YM-theory renders the confinement problem cumbersome, if not intractable: on 
the one hand, instanton-configurations of non-abelian gauge fields play an essential role in determining the structure 
of the Yang-Mills theory vacuum and are responsible for tunneling processes among topologically distinct vacuums. 
On the other hand, they fail to satisfy the widely accepted criterion for color confinement, namely, the so called ’’area 
law” for the Wilson loop Q- As noted in 0, this failure suggests that the formation of non-perturbative bound states, 
such as glueballs, requires at least a strong correlation among instantons. However, the study of instanton effects 
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in the strong coupling limit of YM-theory is a cnmbersome task precisely because of the lack of non-perturbative 
computational techniques. A notable advance was made several years ago through the string theory spin-off, now 
universally known as AdS/CFT, or AdS/QCD Q. For an authoritative review see M- Capitalizing on the full 
power of the string theory machinery, this new approach offers effective non-perturbative techniques to deal with 
confinement in super-symmetric Yang-Mills theory in the Large-limit 0. However, we believe that a satisfactory 
proof of confinement in real QCD with A = 3, where both super-symmetry and scale invariance are broken, is still 
missing and this is the rationale for considering an alternative approach grounded in the more traditional framework 
of quantum field theory. 

In the following, we shall argue that the key to the resolution of this quandary is to shift from the conventional 
topological interpretation of the Chern-Simons term to a field theoretical interpretation based on the hidden long 
range force as originally suggested in Refs. ii. Indeed, this was the basic recognition made by Gabadadze who 
successfully applied the field theoretical approach to the problem of formation of non-perturbative glueball states [l^ ■ 

On our part, we will show that the study of that hidden long range force in QCD casts the problem of color 
confinement in a completely new perspective, one in which calculations can be carried out exactly and whose physical 
interpretation is transparent. 

The implementation of this idea involves three distinct steps that will be discussed in the following sections: first, 
we will give a precise meaning to the “field theoretical interpretation” of the Chern-Simons term in QCD and define 
the “long range force” that arises from that interpretation; second, we shall derive the form of the static potential 
associated with that force and show that it satisfies the Wilson loop criterion for confinement; third, we will evaluate 
the quantum effects of the axial anomaly in QCD on the static potential in order to account for the phenomenon of 
“ color charge screening ”. 

The guiding principle of the above research plan is the correspondence, noted long ago in Ref.Q but never fully 
exploited, between the colorless topological sector of QCD and the zero-charge sector of QED in (I-l-l)-spacetime 
dimensions. The latter is also known as the “Schwinger model” Em and the broader objective of this paper is 
to give a precise meaning to the above correspondence. This extrapolation from two to four dimensions is important 
because the occurrence of a rising Coulomb potential, the “screening” of it through the generation of mass and the 
subtle interplay with gauge invariance represent the essential ingredients of a mechanism by which one hopes to 
understand the phenomenon of quark-binding into physical hadrons. These issues were first analyzed in QED 2 in 

[IMi- 

On the mathematical side, it seems useful, even at this introductory stage, to point to the nature of the long range 
force that is inherent, but not manifestly present, in the topological formulation of the Chern-Simons term in QCD. 
In a nutshell, this force is mediated by a higher rank abelian gauge potential A^i,p which is dynamically realized, in 
QCD, as the well-known composite, colorless, combination of YM potential and field strength F^p, namely, the 
dual of the Chern-Simons current 
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In the above expression we have identified Aqcd as the energy scale at which the dynamics of QCD cannot be 
treated perturbatively. The introduction of this distance scale, at this stage, is required in order to give canonical 
dimensions to A^^p. The confining nature of this higher rank potential was anticipated long ago in Refs. [3, [3 
manifold applications of the 3-index potential in particle physics and cosmology have been investigated extensively in 
Refs. (l7l - [^ . [T7|43^ . [31|, Presently, since the implementation of the Schwinger mechanism in 

QCD depends critically on the properties of the mathematical construct o, we shall refer to it as the Chern-Simons- 
Schwinger potential, or, CSS-potential for short. 

The next obvious question that arises in the field-theory interpretation of the Chern-Simons term concerns the 
nature of the “sources” of the force mediated by A^^p. Here is where we depart substantially from the conventional 
interpretation of the topological charge density. In the next section we show that the CSS-potential m is subject 
to a gauge transformation that dictates the nature of its coupling to matter just as in the familiar case of ordinary 
electrodynamics. However, unlike the vector electromagnetic potential, the 3-vector A^j^p does not couple to point¬ 
like objects; rather, it couples to relativistic closed membranes which, in our interpretation, constitute the physical 
boundary of hadronic “bags” Q . 

Apart from the noteworthy results obtained by Gabadadze in the study of glue-bags, the physical payoff of the 
new formulation can be summarized thus: first, unlike the Euclidean topological interpretation of the Chern-Simons 
current, the dynamics of the 3-vector gauge field ([T]) is exactly solvable in four-dimensions as is the dynamics of the 
corresponding I-vector gauge field in two dimensions. Indeed, solving this field equations for the CSS-potential, one 
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finds that the gauge field does not transmit physical quanta but gives rise to the same confining potential that 
operates in classical electrodynamics in (1 + 1)- dimensions. Equivalently, the binding potential between two surface 
elements on the boundary of a bag is shown to satisfy the Wilson loop criterion for confinement. Furthermore, at 
the quantum level a mechanism sets in, identical to the ’’Schwinger mechanism” of QED 2 , leading to the screening 
of color charges and ” hadronization” in the form of massive pseudo-scalar particles as a consequence of the chiral 
anomaly in QCD. It seems noteworthy that this mechanism of mass generation is, a) fundamentally different from 
the conventional Higgs mechanism which is based on spontaneous symmetry breaking, and b) it is also a universal 
mechanism in the sense that the dynamics of the CSS-potential can be formulated in any number of spacetime 
dimensions and may have interesting cosmological consequences. Finally, as announced earlier, the variables that 
control the dynamics of QCD in the large distance limit are clearly identified. They are, i) the current associated 
with a relativistic (closed) membrane as the ’’matter” constituent of the action, and ii) a Maxwell field of the ’’fourth 
kind” as the field constituent of the action. 

These points are discussed in a self-contained manner in the following sections. We begin, in Section II, with an 
overview of the reinterpretation of the topological term in YM-theory as it constitutes the basis of our approach. In 
Section III, for a (3 -I- I)-dimensional generalization of the Schwinger model, we explicitly compute the interaction 
energy between external probe charges. As a result, we obtain a linear term leading to the confinement of static probe 
charges. As expected, the above potential profile is analogous to that encountered in the usual Schwinger model. 
Finally, in Section IV, we cast our Final Remarks. Next, in Appendix, we introduce a new way to obtain the anomaly 
induced effective action with emphasis on the screening effect and mass generation mechanism by way of the quantum 
anomaly in QCD. 


II. THE CASE FOR AN ABELIAN GAUGE FIELD OF THE FOURTH KIND IN QCD 
A. A new look at the topological charge density in YM-theory 


Consider the so called 0-term in the total action for YM-theory, 




( 2 ) 


The 0-dependence of the vacuum energy density in the large V-limit has been studied extensively by various 
methods, even in terms of a D-brane construction of YM-theory within the context of string theory [^. However, 
the essential point of our discussion is that the above term admits a field theory interpretation in terms of a Lagrangian 
system from which one can extract some physical properties that are far from evident in the conventional topological 
interpretation. 

The key idea is to reformulate Se in terms of the CSS-gauge potential anticipated in the Introduction. This is possible 
because of the following well known identities in YM-theory: the integrand of the 0-term, namely, ’’the topological 
charge density” Q is identically equal to the divergence of the Chern-Simons current so that Q = = 

Tr = FF. On the other hand, the Chern-Simons current is the Hodge dual of ^ ■ 

Putting together the above identities, one arrives at the following expression for Q, 


n — — F jcMi-po- 

A , 


where the differential four-form 


F = ^ Fpypcr dx^ A dx'' A dx^ A dx '^, 

represents the field strength for the three-form potential F = dA, where A = ^ Aj^p^ dx^ A dx^ A dx’^ . 

We shall refer to F as a “Maxwell field of the fourth kind” because of its invariance under a generalized gauge 
transformation to be specified shortly. 

As we shall discuss in the followin g, th e action Se in YM-theory represents the coupling of the F-field to the bulk 
of a finite vacuum domain, or ’’bag” 111, [H 


Sg = 9 [ Qd^x 

Jv 
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where V is the region where the topological charge is different from zero.More instructively, using Stokes’ theorem, 
the same action takes the form 

Sg = —9 [ F = —9 [ ^=“■ 57 / Ajyprj dx’' A dx^ A dx'^, (3) 

Jv Jav 3! Jgy 

in which the role of the 0-angle is now that of a ’’coupling constant” between the CSS-potential and the conserved 
3-form current J associated with the closed membrane that constitutes the physical boundary of the bag: 

= /rf"^4rTr(A[,D^A.]), (4) 


'Jdvi^)= 5"^^[x-y]dy''AdyP Ady^, (5) 

Jav 

= 0 - ( 6 ) 

As anticipated in the Introduction, this deceptively simple procedure clearly identifies the variables that govern 
the formation and dynamics of glue bags. To the extent that such variables arise through a reformulation of the 
’’topological charge density”, they are an integral part of the dynamics of YM-theory. The form of the full Lagrangian 
for gluodynamics includes a kinetic term for the field strength F introduced above ^ 

‘^^ = “ 244 ! /■ (^) 

The remarkable properties of the above Lagrangian will be highlighted in the following subsection. 


B. The meaning of the CSS-Lagrangian 

The computation of the quantum vacuum pressure that determines the structure of the ground state of strong 
interactions must take into account the contribution of zero-point oscillations of a rank-three gauge field, M- 
As we discuss below, this field is known to have no radiative degrees of freedom in four dimensions, the only dynamical 
effect being a static long-range force within finite vacunm domains, or glue bags. The overall effect of this force is 
a constant but otherwise arbitrary pressure within the bags. This remarkable feature was exploited to associate the 
Apj/p-field with the “bag constant” of the hadronic vacuum as a kind of Casimir effect for strong interactions . 

In other words, the gauge field does not correspond to a massless particle but gives an energy proportional to 
the volume when external bags are minimally coupled to it 

The gauge potential Ap,^p gives rise to a ” Maxwell field of the fourth kind” in the sense that the corresponding field 
strength Fp^pa = d[gL A^jp^ j satisfies the generalized Maxwell equation 

dp = 0 , ( 8 ) 

and is invariant under the extended gauge transformation 

bApup = cI[pAjyp] . (9) 


^ This form of the Lagrangian is reported in Ref. Ea as Eq.(5). The mathematical and physical properties of this Lagrangian system have 
been studied extensively [T^ [ 20 I , [ 30 II , not only in connection with the dynamics of hadronic bags [l^. [^. [23| but also in connection with 
a production mechanism of dark matter and the cosmological inflationary scenario of the early universe [23 . |27(I . To be precise, 
the complete Lagrangian also includes a kinetic term for the closed membrane with or without the presence of gravity. The most 
general case was discussed in Ref. [T3] . Clearly, in the case of QCD the above Lagrangian is gravity independent and the coupling of the 
CSS-potential is to external membranes nucleated out of the vacuum energy background provided by the F-fleld, as discussed in the 
text. 

^ With hindsight, this work is complementary to that of Ref.[T3l which focuses, instead, on the volume dependence of the topological 
susceptibility in YM-theory. 
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The “gluonic” gauge potential, or CSS-potential o, is subject to the same extended gauge transformation in 
the sense that, when the YM-potential is gauge rotated 


U = , A(x) = (x) T“, 

A^' = U-iA^U-^U-iD^U, 

= Tr{A[^F^p] y , 

it transforms as follows 


4' — 4 


T-1 




( 10 ) 

( 11 ) 

( 12 ) 


(13) 


D^U = iD^AU, 


(14) 


SAp^^p = ^Tr [(D[^A) F^p]] = (15) 

The gauge transformation ([9]) is instrumental in determining the dynamics of the CSS-potential since it requires 
the coupling of the potential to the rank-three current density ( x ) that we have anticipated in the previous 
subsection. Thus, it seems noteworthy that, unlike the phenomenological bag models of hadrons, the spatial extension 
of glueballs is a dynamical consequence of the hidden gauge invariance of the Chern-Simons term in QCD. 

Summing up our discussion so far, the full dynamics of Ap^p(x)^ in the presence of external membranes, is governed 
by the Lagrangian density 

= ^ A Ap^p] - ^ Ap^p. (16) 

The remarkable property of the system (IM) is that its dynamics is exactly solvable. 

In the absence of coupling the solution is immediate since Maxwell’s equation ([5]) is identically satisfied with 
Fiiynrr = fipupa- The arbitrary integration constant / is physically associated with the vacuum energy density 
[iM ^ through the energy momentum tensor 

T ——Pa _A paPl&p (■ly'l 

pu — r papj r ^ ^^ Up^r 

which, in view of the given expression of the field strength, reduces to the simple form 

Fpv = ■ (18) 

When the coupling to external bags is switched on, as in (nusi) . the dynamics is still exactly solvable and one way 
to obtain the general solution is through the following steps. First, the field equations 


gpXpup ® ^ Fxpvp d[\Apyp^^ 

r T 

—— = 0 ^ = K .jp''p{x) , 

5Ap''p ^ ^ 


(19) 

( 20 ) 


imply that the current is conserved, a property that is consistent with the invariance of the system under the extended 
gauge transformation 


5Ap,p = d^pKp^^ dp JP’^P{x) = 0 . 


( 21 ) 


^ It has been shown that in higher dimensional models this constant is ” quantized’’’. This result could provide a solution to the long¬ 
standing cosmological constant puzzle [33. . 
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In this instance, the conserved membrane current J can be written as the divergence of a rank four antisymmetric 
bulk current K 


where 

K^P‘'P(x)= f 6^^ [x- z] dz^ AdzP Adz'' AdzP. 
Jv 


( 22 ) 


(23) 


On the other hand, 


dz^ A dzP A dz'' A dzP = e^P'^P d'^z , 


(24) 


so that one can write K^p''p{x) as 


K^P''P{x) = e^P''PQv{x), (25) 

where 

Qv{x) = f d'^zS*'^ [x — z], (26) 

Jv 

stands for the (generalized) unit step-function of the V manifold, namely, ©v {P G V) = I , 0y {P ^ V) = 0. 

By inverting Ea. (j22l) one can also express the bulk-current K in terms of the boundary current J 

dx = jP'(P{x)^ K^P-'P = d^^^jP^P\ (27) 

so that the general solution of Maxwell’s field equation takes the following form 

F^P''P = f e^P'^P + ^ =e^P''P(f + KQv{x)), (28) 

o‘‘ 

where / is, again, the constant solution of the homogeneous equation. 

The above solution indicates that the interior and exterior regions of a ’’vacuum domain” are characterized by a 
different value of the vacuum energy density and pressure. This is the main feature of most phenomenological “bag 
models” of hadrons. The essential difference is that, in our case, this property is a dynamical consequence of the 
coupling of the 3-index potential to a relativistic test bubble, as dictated by the requirement of gauge invariance 
under the transformation (jHl). In other words, the overall effect of the coupling is that the A-field is responsible for 
a long-range static interaction that results in the existence of a ground state with distinct phases. It seems to us 
that this dynamical property of the CSS-Lagrangian is a reminder of the topological structure of the ground state of 
gluodynamics. In other words, the many vacuums that arise in the topological sector of QCD as a consequence of 
instanton effects reappear in the guise of ’’hadronic vacuum-domains,” or glue bags, as a consequence of the vacuum 
polarization effects due to the CSS-potential. 


C. The CSS-potential satisfies the “Wilson-loop” criterion for confinement 

We have mentioned in the Introduction that YM-instantons alone do not generate a confining force between color 
charges. In contrast, one of the advantages of the field theory approach is that the CSS-Lagrangian has a built-in 
mechanism for confinement, i.e., it gives rise to a confining potential between infinitesimal surface elements of a 
gluebag. The crux of the argument is the calculation of the ’’Wilson loop” for the three-index potential coupled to 
the boundary current of a bag 

W [ J] = exp J d^xA^^p JP’'P ^) = = exp (-r [ J]). (29) 

From the above expression it is possible to derive the expression of the static potential following the standard 
prescription 
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V{R) = - lim ^In W[dB] . (30) 

T—^OO 1 

In the case of a spherical bag, the calculations were carried out explicitly in Ref.fs^. For our present purposes, it is 
sufficient to recall the following general result: in order to extract the static potential V {R) from Eg. (1501) one must 
compute the contribution of the currents associated with a pair of antipodal points P and P on the surface of the bag 




[ f dy^ A dy'' A dyP ^ dy' A dy^ A dy' = 
JdB JOB O 

d^i X 


_ 1 
47r^ 

,a) 


dr / dr' / d? c 

Jt JS(^^ 

1 


/S(2) 


[j/(t ,cr) - j/(r' ,0]' 


■yt^upir' ,0 . 


(31) 


In the above expression, (j two independent sets of world coordinates on the boundary 

manifold. The world-history of these two points, in Euclidean time, constitutes the “Wilson loop”. 

Close inspection of the double integral (|3T]) reveals that the interaction between two diametrically opposite surface 
elements is mediated by a Coulomb force that operates in the bulk of the bag. This corresponds to the explicit form 
of the Green function in Eq. (1511) . In the case of a spherical bubble, the radial dependence of the surface elements 
can be calculated explicitly and leads to the following result 


ViR)^-l\^^^\nW[dB] = ^ 




(32) 


This expression represents an attractive potential that is proportional to the volume enclosed by the membrane. 
Again, it seems noteworthy that, unlike the phenomenological bag models where confinement is imposed at the 
outset, the result (1321) is the combined effect of bulk and boundary dynamics of the CSS-Lagrangian (IT6l) through the 
intermediary 3-index gauge potential. 

The result is also the basis of the noted correspondence with QED 2 ■ In order not to break the continuity of our 
discussion, the correspondence with the two-dimensional case will be discussed in more quantitative terms in Section 
IV. However, it may be helpful to anticipate here the basis of that correspondence: in Section IV, we argue that the 
zero-charge sector of QED 2 may also be interpreted as a bag model in (1 -|- 1)-dimensions. Once this unconventional 
interpretation is clarified, it is almost straightforward to show that the same dynamics is effectively realized in QCD. 
Thus, we note that the “volume law” encoded in Eg. (1551) represents a natural extension of the “area law” for the 
Wilson loop of a quark-antiquark pair bounded by a string. In the string case, it is well known that the definition 
(1501) leads to a linear potential between two test quarks 


V{R) oc R . 


(33) 


The behavior of the Coulomb potential in (1 -|- l)-dimensions meets this requirement. The linearly rising potential 
(1331) is consistent with the “string-picture ” of charge confinement, namely, that opposite charges are connected by a 
“flux-tube”, or string, of constant energy per unit length. However, in one spatial dimension, strings and membranes 
reduce to a pair of points. This geometric degeneracy is removed in (3-|-l)-dimensions. Evidently, it is the “membrane- 
bag” sector of QED 2 that is effectively realized in QCD since the three-index potential is minimally coupled to closed 
membranes which, in turn, constitute the boundary of a bag. 

We further observe that Eas. (l551) and (1551) describe the same geometric effect. In both cases the static potential 
is proportional to the “volume” of the manifold connecting the two test charges. In Eg. (155)) . R is essentially the 
’’linear volume” enclosed by the two external sources. In our case, R^ is proportional to the volume enclosed by the 
external membrane. In either case, the result reflects the basic underlying idea that ’’confinement”, at the classical 
level, requires an infinite amount of energy in order to separate the two sources. 


III. EXPLICIT COMPUTATION OF THE STATIC POTENTIAL 

Inspired by the preceding observations, the purpose of this Section is to further elaborate on the physical content 
of the Chern-Simons term as a gauge invariant interaction associated with a Maxwell field of the fourth kind. To do 




this, we will work out the static potential for the 4-D generalization of the Schwinger model, as originally introduced 
in Ref. [2lj, via a path-integral approach. In effect, the initial point of our analysis is the bosonized form of the 
Schwinger model in D=4, that is, 

(34) 

where 5 is a coupling constant and refers to the mass of the scalar field cj). 

According to usual procedure, integrating out the (j) field induces an effective theory for the A^p„ field. It is now 
important to recall that the A^p^ field can also be written as A,^pa = e^paxd^^ [Ml, [s^, where ^ refers to another 
scalar field. This then leads to the following effective theory for the model under consideration: 



e A 



AC 


(35) 


where A = 

We are now ready to compute the interaction energy between static pointlike sources. We start off our analysis by 
writing down the functional generator of the Green’s functions, that is, 


Z[J] =exp^-^ J d'^xd'^yJ{x)D{x,y)J{y)^ , 

where, D{x,y) = J is the propagator. In this case, the corresponding propagator is given by 

/ T \ ^ 


(36) 


D(k) = 1 - 


rut 


ml 1 


7W2 I k^(k^+M^) M^k^' 


(37) 


where 

Enlisting the standard representation Z = and employing Eq. (l36l) . W [J] takes the form 


W[J] 



ml\ 1 ml I 

J fc2(P-f7W2) M^k'^ 


J(k). 


(38) 


Next, for J(x) = (x — (x — x ( 2 ))] 

, we obtain that the interaction energy of the system is given 

by 


V = -QQ' 


d^k 


1 

{2Ef 

- ml k2 

to 

+ 

to 

1 


ml 1 

9"^It: - ml 




where r = x^^^ — 

This, together with Q' = —Q, yields finally 


(39) 






(40) 


where L = |r|. One immediately sees that the above static potential profile is analogous to that encountered in the 
two-dimensional Schwinger model. As a matter of fact, in order to put our discussion into the proper context, it 
is useful to summarize the relevant aspects of the two-dimensional Schwinger model. In such a case, we begin by 
recalling the bosonized form of the model under consideration [ 3 ^ : 

£ = -^Fl^ -k ]^{dp(t)f - -I- TO ^ (cos (27r0 -k 0) - 1), (41) 


where 


S = (*) 


e'*'® with the Euler-Mascheroni constant and 9 refers to the 0-vacuum. 
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Consequently, by using the gauge-invariant but path-dependent variables formalism which is known to provide a 
physically-based alternative to the Wilson loop approach , the static potential reduces to 


2 e V 


for the massless case. On the other hand, for the massive case (0 = 0), the static potential then becomes 

^2 / .7^ 


2A I A2 


1-e 


-XL 


) + 


1 A2 


(42) 


(43) 


where A^ = 7 + dTrmX)- The above results clearly show that the 4-D generalization of the Schwinger model is 
structurally identical to the 2-D Schwinger model. 

In this perspective it seems worth recalling that there is an alternative way of obtaining the Lagrangian density (1351) , 
which provides a complementary insight into the physics of confinement. In fact, we refer to a theory of antisymmetric 
tensor fields that results from the condensation of topological defects as a consequence of the Julia-Toulouse mecha¬ 
nism. More precisely, the Julia-Toulouse mechanism is a condensation process dual to the Higgs mechanism proposed 
in This mechanism describes phenomenologically the electromagnetic behavior of antisymmetric tensors in the 
presence of magnetic-branes (topological defects) that eventually condensate due to thermal and quantum fluctua¬ 
tions. Using this phenomenology, we have discussed in [4^. l43| th e dynamics of the extended charges (p-branes) inside 
the new vacuum provided by the condensate. Actually, in 43 we have considered the topological defects coupled 
both longitudinally and transversally to two different tensor potentials, Ap and Bq, such that p q -\- 2 = U, where 
D = d \ space-time dimensions. The technical details are given in Ref. [l^. The net result is that, after the 
condensation, the Lagrangian density turns out to be 


£ = 




(_1)^>+7p+1)! 


2(<Z+1)!' 


2(p + 2)!' 


i^A" 


p+i> 


(44) 


showing a BAF type of coupling between the B „ po tential with the tensor Ap+i carrying the degrees of freedom of 
the condensate. Following our earlier procedure [42l |. the effective theory that results from integrating out the fields 
representing the vacuum condensate, is given by 


C = 


(- 1 ) 


9+1 / A 

71 ) 1 ^ 9+1 (B,) [1 + {Bq) . 


2 {q + l)l A-m 2 

Hence we see that this expression with p = —1 and q = 3 becomes 


C = 


1 


2x4! 


fp.px {A) (1 + (A). 


(45) 


(46) 


It is straightforward to verify that Eq. (|46ll reduces to Eq. (|35l) . 

In this way we establish a new connection among different effective theories. From this discussion it should be clear 
that the above connections are of interest from the point of view of providing unifications among diverse models as 
well as exploiting the equivalence in explicit calculations. 


IV. FINAL REMARKS 

The Schwinger model of two-dimensional ’’electrodynamics”, because of its kinematical constraints, has a built-in 
mechanism of confinement that has inspired many subsequent models of ” hadronization” since the very inception of 
QCD as the leading theory that describes the interaction among colored quarks and gluons. 

The possibility of generalizing QED 2 to four dimensions has always been met with skepticism, mostly because 
the ’’obvious” generalization of the model has been known for a long time, namely, the theory of ordinary quantum 
electrodynamics, or QED 4 . As a matter of historical fact, the ’’Schwinger model” was conceived by restricting the 
familiar Maxwell-Dirac Lagrangian to (1 -I- l)-dimensions with an eye on the relationship between gauge invariance 
and mass. This original procedure of ’’descending” from four to two dimensions, while keeping the same form of the 
Maxwell-Dirac Lagrangian, has generated the widespread notion that QED 4 is the unique extension of QED 2 . It has 
been recognized, however, that this is not a one-to-one correspondence so that, by the reverse procedure of ”ascending” 
from two to four dimensions, the “electrodynamic” interpretation of the Schwinger model seems purely formal in the 
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sense that the physical content of QED 2 and QED^ is drastically different. Thus, in order to underscore this difference, 
in Section IV we have itemized the essential physical properties of the Schwinger model. Those properties, we have 
argued, pertain to a theory of spatially extended objects, membranes and bags to be precise, and can be realized in 
two as well as in four dimensions. It is a remarkable fact, and the main conclusion of this paper, that the very 
dynamics of Quantum Chromodynamics in the large distance limit possesses the same kinematical constraints, and 
therefore the same confining and screening potential that are found in the two-dimensional case. This result hinges 
on a reinterpretation of the Chern-Simons term in QCD as a gauge invariant interaction associated with a Maxwell 
field of the fourth kind. The gauge invariant coupling of the CSS-potential requires the existence of relativistic closed 
membranes. We have treated such membranes as an approximation to the physical boundary of non perturbative 
gluebags. The dynamics of this system has been shown to be exactly solvable. The static interaction potential, unlike 
the instanton configurations of the old ’’topological” interpretation, satisfies the Wilson-loop criterion for confinement 
while the quantum axial anomaly in QCD triggers the same screening mechanism of mass generation that operates 
in the two-dimensional Schwinger model. 
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VI. APPENDIX 

A. Quantum anomaly and mass generation: The massive case 

The purpose of this Appendix is to highlight some other aspects of the strict correspondence between the two- 
dimensional case and the four-dimensional one. Two interesting questions arise naturally. First, what happens if the 
CSS-potential acquires a mass? And, concomitantly, what is the physical mechanism that may induce a mass term 
for 

Summarizing our previous and subsequent discussion, the following properties of constitute the crux of the 
generalized Schwinger mechanism in QCD: 

a) When massless, Api,p represents nothing more than a constant background field since, as we have shown, 

in (3-|-l)-dimensions A^i,p does not possess radiative degrees of freedom. Here, for later reference, we wish to add 
that this property, even though peculiar, is shared by all d-potential forms in {d + l)-spacetime dimensions (Tsl. 1^. 
For instance, the best known case is in two dimensions: / while in four dimensions, 

Fpvpa = ^p,vpcr f, and / represents a constant vacuum energy density in both cases by virtue of the field equations. 

b) If the field acquires a mass, then it describes massive pseudoscalar particles, in two a well as in four di¬ 
mensions. The two dimensional case is well known from the Schwinger model; in four dimensions, the free field 
equation for Ap,jp in the massive case [10,113 


5^9[AApj,p]-k m^Api^p = 0 , ^d>^Ap,,p = Q, (47) 

imposes the divergence free constraint on the four components of Ap,^p leaving only one propagating degree of 
freedom. In other words, the introduction of a mass term “excites” a dynamical (pseudoscalar) particle of matter out 
of the constant energy background. ^ 


An interesting cosmological application of this transmutation was discussed in Ref. ([H) in connection with the problem of “dark 
matter/energy in the universe. There, we also discussed the subtle issue of the presence of a mass term in an otherwise gauge invariant 
theory through the use of Stueckelberg’s formalism. 
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c) Evidently, the transition from case a) (massless, non dynamical field) to case b) (massive particles) re¬ 
quires a physical mechanism for its enactment. In the case at hand, we will show that the mass-inducing term 
for the CSS-potential is the quantum anomaly term in QCD in perfect analogy with the two dimensional case of 
the Schwinger model. In the two dimensional case the occurrence of mass appears in the form of a pole in the 
propagator of the gauge field; i n Q CD, it manifests itself as the “Kogut-Susskind” pole in the correlation function of 
the topological charge density [33l ]. 


B. From two to four dimensions 


At the quantum level, the result of the previous section is altered by the phenomenon of “screening.” Quantum 
mechanically, rather than supplying the large amount of energy that is required in order to separate two test charges, 
it is energetically more favorable to create quark-antiquark pairs within the volume separating the two test charges. 
This phenomenon was anticipated long ago by Kogut and Susskind 3^ , again in connection with the Schwinger model 
of QED 2 . The net physical result of the quantum anomaly in QED 2 , is the “hadronization process,” namely the 
binding of quarks into physical hadrons through screening of the original test charges and the emergence of mass, 
corresponding to a pole in the propagator of the gauge field . 

A qualitative argument that anticipates the existence of a similar mechanism in the large distance limit of QCD 
is based on the existence of a pole, the so called Kogut-Susskind pole, in the correlation function of the topological 
charge density Q: 


X = ilimq>^q’' [ (0 | T [ K^(a;) K,(0) ] |0). (48) 

In Gabadadze’s work, this correlation function is referred to as vacuum topological susceptibility. The expression 
of X quoted above is derived by recalling that the topological charge density Q is the derivative of the Chern-Simons 
current Q = 9^ and substituting this identity into the expression for the correlation function of the topological 
charge density. 

We have noticed in subsection IVI Al that, in agreement with Luscher’s observation, the correlation function of two 
boundary current is non zero and corresponds to the existence of a Coulomb-type potential within the bulk of the 
hadronic vacuum domain V. This implies that the above expression for x is non zero and this can only happen if the 
correlation function of two Chern-Simons currents develops a pole in the limit of vanishing momentum. This is one 
way in which the “Schwinger mechanism” of mass generation is implemented in an otherwise gauge invariant theory. 

In this Subsection, following the example of QED 2 which we shall discuss in Section IV.D, we wish to show that 
the screening of the classical potential (1321) . extracted above from the Wilson loop, takes place when the effect of the 
quantum axial current anomaly in QCD is taken into account. 

For the sake of comparing our results, it seems useful to recall, at this point, the main properties that hold in 2D 
as we discuss them in the “bag interpretation” of QED 2 . 

In the presence of fermions, it is well known that the vector and axial-vector currents cannot be simultaneously 
conserved. If one insists on the conservation of the vector current, then the divergence of the axial-vector current is 
not zero. Without digressing on these well known results, the properties of bubble-dynamics in 2D may be distilled 
into the following points: 


1. There is a vector current, j^{x), coupled to a vector gauge potential A^(a;). 

2. The Maxwell field , in this case a differential two-form in two spacetime dimensions, is dual to a 

zero-form: /. 

In the absence of coupling, / amounts to an arbitrary integration constant that is physically related to a 
background vacuum energy density. When coupled to a test bubble, or, in electrodynamics parlance, to a dipole 
charge distribution, the gauge field A gives rise to a confining potential that is proportional to the linear volume 
of the bag. 

3. The axial current is dual to the vector current: j,j{x). 

4. The axial current j^^{x) is “anomalous”, i.e., its divergence is proportional to the dual field strength of A^(a;), 

that is, oc Apj oc e'^PF,,p. 
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The purpose of this brief synopsis of the salient features of QED 2 is to motivate the calculations described below 
for the CSS-Lagrangian. Indeed, a strong argument for the viability of the Schwinger mechanism in QCD is that 
the three-index gauge potential possesses the same physical properties as the gauge vector potential in 

two dimensions. Thus, in order to underscore the stringent similarity between the two cases, we list below the 
corresponding items that we wish to implement in QCD: 

1. There is a three-index tensor current, (x), coupled to a gauge three-form potential Ap^p(x). 

2. The Maxwell field Fp^p„ = in this case a differential four-form in four dimensions, is dual to a zero- 

form: Fpi/pcr = ~ f^fl^pcrf- 

In the absence of coupling, as we have seen, / amounts to an arbitrary integration constant that is physically 
related to a background energy density. When coupled to a test bubble, the gauge field A gives rise to a confining 
potential that is proportional to the volume of the bag. 

3. The role of “axial current” is played by the Hodge dual of the tensor current, namely, 

(49) 

4. The axial current j^^{x) is “anomalous”, i.e., its divergence is proportional to the dual field strength of A\py{x), 

that is, dpj^^^ix) cx cx e^^'^PF^p.p. 


C. Screening and mass generation in QCD 

Our immediate objective is to translate the above correspondence into explicit computational steps and show that 
the same screening mechanism that generates mass in two dimensions is also active in the case of the CSS-Lagrangian. 
Thus, according to the above code of correspondence, one needs two currents that are dual to each other and an 
expression of the quantum anomaly in terms of the field strength of the abelian CSS-potential. It is a remarkable 
fact that these necessary ingredients emerge naturally in the field theoretical interpretation of the topological charge 
density. Indeed, we recall from Section II that the d-term in the YM-action can be rewritten as an interaction term 
between the CSS-potential and the boundary current (jT]). 

However, that expression is equivalent to 

'S'e = ^ y d^xJ^y^{x)Ap,,p , K = (50) 

and the membrane current, being the boundary current of a bag, is divergence-free 


5,JaT = 0- 

On the other hand, from QCD we know that the color singlet axial current is anomalous 


B — -A _ 

“ 167r2 




F\p =d[xA%]+grb,[A\ ,A^p]. 
Therefore, in terms of the CSS-potential, the anomaly equation takes the form 

Q j5p _ 3 QCD \pvp 0 4 

OpJ 2 ^ CI[X^piyp] ■ 


(51) 

(52) 

(53) 


IGtt^ 

The net result of the above manipulations is that we reproduce the pattern of dual currents that exists in the 
2-dimensional case. Then, in exact analogy with the case of QFD 2 , we proceed to encode the constraints (l4^ . (l53ll 
in the generating functional as follows 


J D[A]e^pi-iSo [A]-iSe[A,Jav]) = Z[J], 


(54) 


^ From a mathematical point of view, it is important to realize that, once the expression of the anomaly is given, one can by-pass the 
integration over the fermionic degrees of freedom in the path-integral so long as one takes into account the constraints listed above. 
More specifically, the summation in the path integral must take into account the duality relation between and J and the anomalous 
divergence as constraints on the integration measure [DJ^]. In other words, we take stock of the fact that, in the large distance limit 
of QCD, as well as in QED 2 ^ the only remnant of quark-dynamics is encoded in the given anomaly equation. 
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j 5 ^QCD 


CA/xj/p JdV^ 


z = j[DA][DJ^]5 

exp ^iS'o[x4] J d^xJg^''TT{A[x'Dfj, A^j) 




Integration over J® ^ implements the anomaly relation 


1 


while an integration by parts leads to the following expression for the generating functional 

0 g^ 


(55) 


(56) 


Z = 


j [HA] exp f i5'o[A] 


1287r^Ag(^^ 


J d^x e^^"'’Tra[A(A^D,Ap])-^Tr(F;3^*F'5^) 


(57) 


At large distance, or in the infrared limit, the second term in the above expression dominates over the Yang-Mills 
term when 


' 5 ^ ^%CD ^ 1 


1287r4 |fc2| 48^2’ 


(58) 


Equation (l58l) defines the distance where the anomaly induced action dominates over the kinetic Yang-Mills term, 
i.e., it defines the infrared range of momenta for which the topological term is dominant 


J J d\ [e^"-^aATr(A;,D.A,]) -^Tr(F^,*F/^^) 


(59) 


Thus, in the infrared domain the Yang-Mills field enters the generating functional only through the abelian CSS- 
potential 

Z =J[DA,] [DA,^r]6 A,,, - + f ^Mp] ) 

■ J d\ e^'^"^a[ATr(A^D,Ap])-^Tr(F;3^*F^^) 


exp i 


9g^ 


I^Stt^Aqp^ 


D[Ap^r]e^v(^i^^ J d^xd[xA,,p^^^^d^^ A>^''P^y 


(60) 


Note that the Hodge dual of is a rank-three, totally anti-symmetric current Jgy^ so that in the non-perturbative 
(strong-coupling) regime of QCD we recover the same duality relationship that holds true in QED 2 


J — 

^ u. — 


3! 


jDpX 

CpixpA 'Jgv ■ 


(61) 


With the above results in hand, we conclude that the complete effective action in the large distance limit of QCD, 
including the effects of the quantum anomaly, is as follows 


^ ~ J [DA...] exp y J d‘ 


1 


2 X 41 


1 




-52 


(62) 


The above expression represents the effective gauge invariant action for a massive three-index potential anticipated in 
subsection lll Cl The physical spectrum consists of massive pseudo-scalar particles in exact analogy to the 2-dimensional 
case. This is the Schwinger mechanism that operates in the strong coupling limit of QCD. 
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D. On the analogy between the “topological” terms in 2D and in AD. 

The “topological term” in two dimensions 


= ^ (63) 

is also given by a total divergence 

Se = ^ f (64) 

Jy 

where A^. From Stokes theorem it follows that 

-S'e = ^ dyf^A^iy) = ^ ^ 

The above equation can be re-written as 


-5'e = ^ y d'^xJ^yAf,, 

where we have introduced the boundary current 

Jdv(^) = ^ dy^5^^\x-y). 

JdV 


( 66 ) 


(67) 


In 2D the topological term is equivalent to the coupling between A^ and the boundary current Jgy- At large 
distance, or in the infrared limit, it follows from the effective action for QED 2 that the scale at which the topological 
terms dominates over the Maxwell term is given by 


In this large distance regime we have that 


_ 1 1 


jfA _ flU * T _ ^ t5 


and * is directed along the normal to dV^ 

a/ 01 1 0 ) = 

ZTT 

This allows us to express the v.e.v. of the vector current in terms of the field strength 

'^dV ~ 


Therefore, the topological action becomes 


Se = - 


Att 


d?xF, 


1 




-92 




Finally, adding a gauge invariant kinetic term for the field A^ gives us the total action 

1 


Stot = Sq Sg — 




( 68 ) 


(69) 


(70) 


(71) 


(72) 


( 73 ) 
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